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Classical Computing: 4-Bit Full Adder

from: http://de.wikipedia.org/w/index.php?title=Datei:4Bit_Add.png

Inside the CPU:

Bits:
0 =̂ low voltage
1 =̂ high voltage

Calculations:

logical functions
of bits
↓

mapped to electronic gates

Gates combine to more
complex gates
Gates can be decomposed
into NAND-gates
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A Single Qubit

Definition of a Single Qubit

|Ψ〉1q = α0 |0〉+ α1 |1〉

with
|α0|2 + |α1|2 = 1

Vector Representation

|0〉 =

(
1
0

)
|1〉 =

(
0
1

)
|Ψ〉1q =

(
α0

α1

)
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Two Qubits

Definition of a Two-Qubit System

|Ψ〉2q = α00 |00〉+ α01 |01〉+ α10 |10〉+ α11 |11〉

with

|00〉 ≡ |0〉 ⊗ |0〉 |01〉 ≡ |0〉 ⊗ |1〉
|10〉 ≡ |1〉 ⊗ |0〉 |11〉 ≡ |1〉 ⊗ |1〉

In general, |Ψ〉2q can be entangled, i.e. it cannot be written as a product state(
α

(1)
0 |0〉+ α

(1)
1 |1〉

)
⊗
(
α

(2)
0 |0〉+ α

(2)
1 |1〉

)
Vector Representation

|00〉 =


1
0
0
0

 |01〉 =


0
1
0
0

 |10〉 =


0
0
1
0

 |11〉 =


0
0
0
1

 |Ψ〉1q =


α00

α10

α01

α11
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One and Two Qubit Gates

1 Qubit Gate: Hadamard

|Ψ〉1q,i
H−→ |Ψ〉1q,t

|Ψ〉1q,i |Ψ〉1q,tH

1√
2

(
1 1
1 −1

)
|Ψ〉1q,i = |Ψ〉1q,t

2 Qubit Gate: CNOT

|Ψ〉2q,i
CNOT−−−−→ |Ψ〉2q,t

⊗

|Ψ〉2q,i |Ψ〉2q,t


1 0 0 0
0 1 0 0
0 0 0 1
0 0 1 0

 |Ψ〉2q,i = |Ψ〉2q,t
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Quantum Circuits

from: http://de.wikipedia.org/w/index.php?title=Datei:4Bit_Add.png

Inside the CPU:

Bits:
0 =̂ low voltage
1 =̂ high voltage

Calculations:

logical functions
of bits
↓

mapped to electronic gates

Gates combine to more
complex gates
Gates can be decomposed
into NAND-gates
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Quantum Circuits
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Quantum Computation:

Qubits:
Eigenstates |0〉, |1〉
Superposition states
|Ψ〉 = α0 |0〉 + α1 |1〉

Calculations:

logical functions
of bits
↓

mapped to electronic gates

Gates combine to more
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Quantum Circuits

from: http://de.wikipedia.org/w/index.php?title=Datei:4Bit_Add.png

Quantum Computation:

Qubits:
Eigenstates |0〉, |1〉
Superposition states
|Ψ〉 = α0 |0〉 + α1 |1〉

Calculations:

unitary transformations
of qubits
↓

mapped to quantum gates

Gates combine to more
complex gates
Gates can be decomposed
into single-qubit and CNOT
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Quantum Circuits
474 Quantum error-correction

measurement of Z̄ and fixing the signs in the generators of the stabilizer, as described
earlier, the circuit can be used to prepare the encoded logical state |0L〉.
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Figure 10.16. Quantum circuit for measuring the generators of the Steane code, to give the error syndrome. The
top six qubits are the ancilla used for the measurement, and the bottom seven are the code qubits.

Exercise 10.58: Verify that the circuits in Figures 10.13–10.15 work as described, and
check the claimed circuit equivalences.

Exercise 10.59: Show that by using the identities of Figures 10.14 and 10.15, the
syndrome circuit of Figure 10.16 can be replaced with the circuit of Figure 10.17

Exercise 10.60: Construct a syndrome measuring circuit analogous to that in
Figure 10.16, but for the nine and five qubit codes.

Exercise 10.61: Describe explicit recovery operations E†
j corresponding to the

different possible error syndromes that may be measured using the circuit in
Figure 10.16.

10.6 Fault-tolerant quantum computation

One of the most powerful applications of quantum error-correction is not merely the
protection of stored or transmitted quantum information, but the protection of quantum
information as it dynamically undergoes computation. Remarkably, it turns out that
arbitrarily good quantum computation can be achieved even with faulty logic gates, pro-
vided only that the error probability per gate is below a certain constant threshold. Over

from: Nielsen, Chuang: Quantum Information and Quantum Computation

Quantum Computation:

Qubits:
Eigenstates |0〉, |1〉
Superposition states
|Ψ〉 = α0 |0〉 + α1 |1〉

Calculations:

unitary transformations
of qubits
↓

mapped to quantum gates

Gates combine to more
complex gates
Gates can be decomposed
into single-qubit and CNOT
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Exercise 10.58: Verify that the circuits in Figures 10.13–10.15 work as described, and
check the claimed circuit equivalences.

Exercise 10.59: Show that by using the identities of Figures 10.14 and 10.15, the
syndrome circuit of Figure 10.16 can be replaced with the circuit of Figure 10.17

Exercise 10.60: Construct a syndrome measuring circuit analogous to that in
Figure 10.16, but for the nine and five qubit codes.

Exercise 10.61: Describe explicit recovery operations E†
j corresponding to the

different possible error syndromes that may be measured using the circuit in
Figure 10.16.

10.6 Fault-tolerant quantum computation

One of the most powerful applications of quantum error-correction is not merely the
protection of stored or transmitted quantum information, but the protection of quantum
information as it dynamically undergoes computation. Remarkably, it turns out that
arbitrarily good quantum computation can be achieved even with faulty logic gates, pro-
vided only that the error probability per gate is below a certain constant threshold. Over

from: Nielsen, Chuang: Quantum Information and Quantum Computation

A few explicit points:

Universal Gate Theorem:
only single-qubit gates and
(two-qubit) CNOT.

Restrictions on quantum
circuit due to unitarity

Power of quantum
computing:
Quantum Parallelism

But: complex wavefunctions
cannot be measured
→ Clever algorithms like
Shor-algorithm for prime
decompositions

General problem:
Decoherence

Optimal Controlled Phasegates for Trapped Neutral Atoms
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Quantum Computation
with Ultracold Trapped Atoms

Implement a Controlled Phasegate on Calcium Atoms
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The Controlled Phasegate

Controlled Phasegate

Ô(χ) = CPHASE(χ) =


e iχ 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1


Controlled-Not

CNOT =

H

X

X O(π)

X

X H

CPHASE(π) equivalent to CNOT ⇒ Universal Quantum Computing

CPHASE is used in Quantum Fourier Transform

Optimal Controlled Phasegates for Trapped Neutral Atoms
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Calcium Term Scheme – Qubit Encoding

4s2

4p

4p

4s
4s

5s
5s

4p 5p5p 4d 4d

6s6s 4p2
6p 6p 5d5d

105cm-1

0.0

0.5

1.0

1.5

2.0

2.5

3.0

3.5

4.0

4.5

1S 1P 1D 3S 3P 3D

Optimal Controlled Phasegates for Trapped Neutral Atoms



Quantum Computation
Quantum Computation with Ultracold Trapped Atoms

Theoretical Model and Optimization Method
Two Calcium Atoms at Short Internuclear Distance

Two Atoms at Long Distance under Strong Dipole-Dipole Interaction

Calcium Term Scheme – Qubit Encoding
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Two-Qubit Gates on Trapped Neutral Atoms

Calcium:

1S0 |0〉

1P3 |1〉

1P1 |a〉

ωL = 23652 cm-1

d

x1 x2

Low-Lying states in Alkaline-Earth atoms or Rydberg states

Atoms in optical lattice or optical tweezers

Optimal Controlled Phasegates for Trapped Neutral Atoms
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The Objective

Problem

QC with atomic collisions: adiabaticity ⇒ slow.

Strong interaction ⇒ fast gates?
– only if ignoring motion.

Quantum Speed limit

QSL: What is the maximum speed at which a quantum system can evolve?

What limits on the gate duration can we find through optimization?

How do gate durations depend on the interaction strength?

Outline arXiv:1103.6050

Describe the system including the motional degree of freedom.

Optimize for varying times / interaction strengths:

I Two Calcium atoms at fixed distance (fixed interaction):
vary T

II For fixed T , two atoms with “artificial” dipole-dipole interaction
V (R) = −C3/R3:
vary C3

Optimal Controlled Phasegates for Trapped Neutral Atoms
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Theoretical Model and Optimization Method

Two-Qubit-Hamiltonian, Optimization with Krotov
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System Hamiltonian

d

x1 x2

⇒
integrate out COM

R0 = d

Optimal Controlled Phasegates for Trapped Neutral Atoms



Quantum Computation
Quantum Computation with Ultracold Trapped Atoms

Theoretical Model and Optimization Method
Two Calcium Atoms at Short Internuclear Distance

Two Atoms at Long Distance under Strong Dipole-Dipole Interaction

System Hamiltonian

d

x1 x2

⇒
integrate out COM

R0 = d

Ĥ =
(
Ĥ1q ⊗ 11q + 11q ⊗ Ĥ1q

)
⊗ 1R + 11q ⊗ 11q ⊗ Ĥtrap + Ĥint

=
∑
i,k

|ik〉〈ik| ⊗
[
T̂ + V̂trap(R) + V̂

ik
BO(R) + Êik

]
+

+ε(t)
∑
i 6=j,k

[
|ik〉〈jk|+ |ki〉〈kj |

]
⊗ µ̂ij
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System Hamiltonian

d

x1 x2

⇒
integrate out COM

R0 = d

47304.61 cm-1

38862.37 cm-1

30420.13 cm-1

23652.30 cm-1

15210.06 cm-1

0.0 cm-1 |00〉

|0a〉
|a0〉

|aa〉

|a1〉

|01〉

|1a〉

|10〉

|11〉
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The Logical Subspace

Full System Hamiltonian

Ĥ =
(
Ĥ1q ⊗ 11q + 11q ⊗ Ĥ1q

)
⊗ 1R + 11q ⊗ 11q ⊗ Ĥtrap + Ĥint

Dimension of Ĥ: 3× 3× NR

Dimension of Ô: 4

⇒ How does that work. . . ?

4 initial states: |ijϕ0〉 = |ij〉 ⊗ |ϕ0〉, i , j = 0, 1
with ϕ0(R) the vibrational ground state of the harmonic trap.

After pulse: projection onto logical subspace
There should be no population left in the auxiliary electronic states
The vibrational state after the pulse should again be |ϕ0(R)〉 (up to a phase factor)

General concept! Having a logical subspace in a large Hilbert space of the physical
system is quite common in implementations of quantum computation.

Optimal Controlled Phasegates for Trapped Neutral Atoms
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Optimal Control

Generally: we have some “knobs” that we can turn to influence the dynamics of a
system, and we want find the optimal way to turn them to reach a desired outcome.

E.g. Curling:

the goal: bring the stone as close as possible to the target at time T

“Static control”: speed, direction, and spin of thrown rock

“Dynamic control” (at every point in time): sweeping
where to sweep
how hard to sweep

take into account physical constraints: boundaries of the playing field, sweeping
speed and strength of players

Optimal Controlled Phasegates for Trapped Neutral Atoms
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Optimal Control

Generally: we have some “knobs” that we can turn to influence the dynamics of a
system, and we want find the optimal way to turn them to reach a desired outcome.

E.g. Curling:

In Quantum Mechanics:

Drive a quantum state from an initial to a target state (or unitary transformation)

System dynamics given by Hamiltonian

Control: some parameter in the Hamiltonian; in our case: amplitude of laser
pulse over time.

Take into account constraints, e.g. finite pulse amplitude

⇒ iterative optimization algorithms

Optimal Controlled Phasegates for Trapped Neutral Atoms
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Optimizing the Laser Pulse

Target Functional

J = −
1

N
Re
[
tr
(
Ô
†
Û
)]

︸ ︷︷ ︸
F

+

T∫
0

α

S(t)
∆ε2(t) dt;

Ô = CPHASE

Û = e−iĤ(ε(t))t

Krotov: pulse update ∆ε
minimizing J

∆ε ∼ Im 〈Ψbw |µ̂|Ψfw 〉

Palao, Kosloff,
PRA 68, 062308 (2003)

|00〉 Ô |00〉

|01〉 Ô |01〉

|10〉 Ô |10〉

|11〉 Ô |11〉

ε(1) ε(0)

t0 T

∆ε

t
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The Krotov Algorithm

Ψi Ψfw(t)

ε̃1

Ψfw(t)
. . .

ε̃2

Ψfw(t)

ε̃nt−2

Ψfw(T )
Ψfw(T )

ε̃nt−1

Ψbw(t0) Ψbw(t)

ε1

Ψbw(t). . .

ε2

Ψbw(t)

εnt−2

Ψt
Ψt

εnt−1

µ̂ µ̂ µ̂. . . µ̂ = τ

Propagate target state backward with guess pulse

Calculate pulse update

Propagate forward with updated pulse
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Measures of Merit

Fidelity F and cost functional J are not very informative.

Control over the Motional Degree of Freedom

F00 =
∣∣∣〈00ϕ0

∣∣∣Û(T , 0; εopt)
∣∣∣ 00ϕ0

〉∣∣∣2
Does |00〉 return to it’s initial vibrational eigenstate?

Gate Phases

φ00 = arg
(〈

00ϕ0

∣∣∣Û(T , 0; εopt)
∣∣∣ 00ϕ0)

〉)
What is the phase change relative to the initial state?

Optimal Controlled Phasegates for Trapped Neutral Atoms
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Cartan Decomposition

Local Two-Qubit Gate

X

X

((
0 1
1 0

)
⊗ 1

)(
1⊗

(
0 1
1 0

))
=


0 0 0 1
0 0 1 0
0 1 0 0
1 0 0 0


Distinguish local two-qubit gate from non-local gate like CNOT, that cannot be
decomposed this way! (cf. product states vs entangled states)

Cartan Decomposition Zhang et al. PRA 67, 042313 (2003)

Û = k̂1Âk̂2

k̂1, k̂2: local operations; Â: purely non-local operation

Only Â has entangling power

Cartan decomposition defines equivalence class of two-qubit gates
(“Locally equivalent”)

Optimal Controlled Phasegates for Trapped Neutral Atoms
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Measures of Merit

Fidelity F and cost functional J are not very informative.

Control over the Motional Degree of Freedom

F00 =
∣∣∣〈00ϕ0

∣∣∣Û(T , 0; εopt)
∣∣∣ 00ϕ0

〉∣∣∣2
Does |00〉 return to it’s initial vibrational eigenstate?

Gate Phases

φ00 = arg
(〈

00ϕ0

∣∣∣Û(T , 0; εopt)
∣∣∣ 00ϕ0)

〉)
What is the phase change relative to the initial state?

True Two-Qubit Phase

Cartan Decomposition leads to χ = φ00 − φ01 − φ10 + φ11

Concurrence (Entanglement) C =
∣∣sin χ

2

∣∣
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Two Calcium Atoms at Short Internuclear Distance

For which gate durations can we reach a high-fidelity CPHASE?
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Parameters of the Optimization

Short internuclear distance
⇒ sufficient interaction d = 5 nm

Peak intensity ε0

to induce 1 Rabi cycle 0
T

ε0

Pulse duration between T 1 rad
int = 1.23 ps and Tv = 800 ps

|00〉

|0a〉
1

T 1 rad
int

d

|00〉
0

π
Tv

R

E
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FIG. 4: (color online) Fidelity F , non-local phase χ (in units
of π) and vibrational fidelity, i.e., projection onto the vibra-
tional target state, F00, for different gate times T . The inset
shows the infidelity 1−F and the respective quantities 1− χ
and 1 − F00.The interatomic distance is d = 5 nm.

where E0a denotes the energy of two infinitely sepa-
rated, i.e. non-interacting atoms in the |0a� or |a0� state,
and V0a(d) the interaction potential at distance d. For
d = 5nm, this yields T rad

int ≈ 1.23 ps for a non-local phase
of one radian, and Tπ

int ≈ 4.4 ps for a non-local phase of
π. The time scale associated with the vibrational mo-
tion in the trap is estimated by considering the mean
energy difference of the trap ground state energy to its
neighboring levels, i.e. the last bound state and the first
excited trap state. For the chosen trap frequency, we
obtain Tv ≈ 800 ps.

The optimization results for gate operation times var-
ied between the two limits T rad

int and Tv are shown in Fig-
ure 4. We compare fidelity F , Eq. (7), non-local phase
χ, Eq. (16), and vibrational fidelity F00, Eq. (14). The
optimizations are converged to within ∆F < 1 × 10−4

except for T = 30 ps and 50 ps which are converged to
within ∆F < 2× 10−4. For durations below 150 ps, with
errors remaining larger than 10−2 no satisfactory fidelity
is obtained. As the gate operation time approaches Tv,
optimization is successful in the sense that fidelities arbi-
trarily close to one can be reached. The results shown in
Fig. 4 can be understood as follows: The two-qubit phase
χ increases with the pulse duration T , and at T = 5 ps,
the time that was roughly estimated to reach a non-local
phase of π, about half that phase is actually obtained.
This is not surprising since the wavepacket is not in the
excited state for the complete gate duration T due to
the switch-on and switch-off phases of the pulse and its
general shape. The non-local phase reaches the desired
value of π at about 50 ps. We thus find that a prolonged
action of the exchange interaction leads indeed to a non-
local gate. However, for short gate durations, no control
over the motional degree of freedom can be exerted. For
T = 5 ps, the vibrational fidelity drops below 50%, and
it increases rather slowly for larger T . This is due to the

FIG. 5: (color online) Optimized pulse (gray) and population
dynamics (|00� state: solid black line, |01� state: dot-dashed
red line, top) and pulse spectrum (bottom) for T = 5 ps (F =
0.805).

wave packet spending enough time in the excited state
to be accelerated by the 1/R3 potential. When the laser
pulse returns the wavepacket to the electronic ground
state, it has acquired significant vibrational energy. Since
the pulse is too short to resolve the vibrational motion
in the trap, optimization cannot identify the desired trap
state and thus it cannot counteract the excitation. Popu-
lation of excited trap states after the gate can be avoided
only once the pulse is long enough to resolve different
trap states. As the gate duration becomes comparable
to Tv, fidelities close to one are obtained.

An analysis of the dynamics induced by the optimized
pulses is instructive for short gate durations despite the
low fidelity. Figures 5 and 6 display the optimized pulse,
its spectrum, and the dynamics for T = 5 ps. The
guess pulse that is used to start the iterative optimiza-
tion has a Gaussian envelope with a peak intensity of
about 4.9 × 107 V/m. The intensity was chosen to drive
one complete Rabi cycle for a single qubit in the |0� state
(2π-pulse). The pulse fluence is increased by a factor of
about 7 during the course of iterations. Optimization re-
sults in a pulse shape that clearly shows more features
than a Gaussian, cf. top panel of Fig. 5. The first peak
of the pulse, centered around ≈ 100 fs, drives significant

⇒ For small T , vibrational purity is lost with increasing two-qubit phase

⇒ High two-qubit phase and high vibrational only for long pulse durations

Optimal Controlled Phasegates for Trapped Neutral Atoms
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System Dynamics for 800 ps Pulse
8

FIG. 7: (color online) Pulse dynamics (top) and spectrum
(bottom) for the optimized pulse with T = 50 ps after 255
iterations(F = 0.988), analogously to Fig. 5

|01� are clearly distinct, reflecting that the desired non-
local phase is fully achieved (χ = 0.998π for T = 800 ps
as compared to χ = 0.975π for T = 50ps). The spectrum
of the optimal pulse for T = 50ps is fairly similar to that
obtained for T = 5ps, cf. the lower panels of Figs. 5 and
7: It basically consists of a single narrow peak centered
around the |0� → |a� transition frequency. The spectrum
for T = 50 ps shows somewhat more features within the
peak which is attributed to the better spectral resolution
for larger T . For T = 800 ps, the spectrum of the op-
timal pulse consists of a narrow peak at the |0� → |a�
transition frequency and sidebands. These sidebands re-
main sufficiently close to the |0� → |a� transition, that
resonant excitation into other electronic states can be ex-
cluded, cf. Fig. 3. The phase dynamics induced by the
optimized pulse of Fig. 8 are shown in Fig. 9. Since the
target phases include the natural time evolution, their lo-
cations in Fig. 9 differ from those in Fig. 6. The overlap
of the final states (black square) and the target states
(open circle) confirms success of the optimization. All
phases end up on the unit circle demonstrating that no
leakage from the quantum register occurs at the end of
the gate for T = 800 ps.

We also carried out optimizations for non-local target
phases that are a fraction of π such as π

2 or π
3 . If high-
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FIG. 8: (color online) Pulse dynamics (top) and spectrum
(bottom) for the optimized pulse with T = 800 ps after 104
iterations (F = 0.999), analogously to Fig. 5

fidelity implementations of such fractional phasegates are
found, several of these gates can be combined sequentially
to yield a total non-local phase of π. However, for short
gate operation times, optimization for non-local target
phases smaller than π did not prove any more success-
ful than optimization for π. In particular, population of
excited trap states at the end of the gate could not be
avoided for fractional phasegates either. Moreover, we
investigated whether pulses driving multi-photon transi-
tions, for example pulses with their central frequency a
third of |0� → |1� transition frequency, yield better fi-
delities for short gate operation times. However, we did
not observe any substantial difference in the results com-
pared to the pulses reported in Figs. 5, 7, and 8. These
additional investigations confirm that for our example of
two ultracold calcium atoms in an optical lattice, the lim-
its on the gate operation time is set by the requirement
to restore the ground vibrational state of the trap.

B. Optimization for Two Atoms at Long Distance
under Strong Dipole-Dipole Interaction

To determine whether it is really the ground state mo-
tion in the trap and not the non-local interaction in the

F = 0.999 9
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FIG. 9: Phase dynamics induced by the optimized pulse (T =
800 ps) in the complex plane for the two-qubit single-qubit
states, analogously to Fig. 6.

excited state that sets the speed limit for two atoms res-
onantly excited to an interacting state, we vary the in-
teraction strength C3 of the dipole-dipole interaction po-
tential,

V̂(R)0a = V̂(R)a0 = −C3

R3
, (21)

keeping the trap frequency constant. We consider the
atoms to be separated by d = 200 nm which corresponds
to a realistic optical lattice in the UV regime. In order
to keep the overlap of the ground state wave functions
smaller than 10−4 at a distance of 200 nm the trap fre-
quency has to be set to at least 250 kHz. This corre-
sponds to Tv ≈ 2 ns.

For the interaction potential of two calcium atoms in
the B1Σ+

u state used in Sec. III A, the C3 coefficient takes
a value of 16.04 a.u.= 0.5217× 103 nm3cm−1 [26, 27, 32].
This results in an interaction energy of about 4 cm-1 at
d = 5nm. Based on the results of Sec. IIIA, we know
that such an interaction energy is sufficient to yield a non-
local phase in a few tens of picoseconds. For d = 200 nm,
the same interaction energy is obtained by choosing C3

to be roughly 1 × 106 a.u. Just for comparison, the C3

coefficient for highly excited Rydberg states is about 3×
106 a.u., resulting in an interaction energy of about 1.3×
10−3 cm-1 at a typical distance of 4 µm for two atoms
trapped in optical tweezers [33].

We vary the C3 coefficient from 1 × 106 a.u. to
1 × 109 a.u. If the gate duration is solely determined
by the requirement of a sufficiently strong interaction
to realize the non-local phase, we expect to find high-
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FIG. 10: (color online) Fidelity F , non-local phase χ and
vibrational fidelity, i.e. projection onto the vibrational target
state, F00 for increasing interaction strength C3 in the excited
state for two different gate times T . All optimizations have
converged to ∆F < 1 × 10−4 The interatomic distance is
d = 200 nm.

fidelity implementations with optimal control by increas-
ing the C3 coefficient. In particular, we pose the question
whether picosecond and sub-picosecond gate durations
can be achieved given that the interaction is sufficiently
strong, i.e. given that the C3 coefficient is sufficiently
large. Based on the results of Sec. IIIA where a non-
local phase of π was achieved within 50 ps, we estimate
that C3 needs to be increased from 1× 106 by a factor of
50 (100) to obtain a high-fidelity gate for a duration of
1 ps (0.5 ps).

Figure 10 presents optimization results for a controlled
phasegate with gate operation times of T = 0.5 ps and
T = 1 ps. The central frequency of the guess pulse
was adjusted in each case to compensate for the in-
creased interaction energy and ensure resonant excita-
tion. The grid parameters were chosen to be Rmin = 5a0,
Rmax = 13000 a0 ≈ 688 nm, and NR = 2048. This choice
of Rmax guarantees that at least fifty eigenstates of the
trap are accurately represented. We verified that the grid
is sufficiently large, i.e., the wave packet does not reach
the boundaries of the grid during propagation. Moreover
we checked that doubling the number of grid points did
not yield substantially different results. Figure 10 clearly
shows that increasing the interaction strength leads to
larger non-local phases. A non-local phase of π is reached
for C3 = 4× 108 a.u. However, increasing the interaction
strength also results in a complete loss of control over
the motional degree of freedom, with the vibrational fi-
delity F00 reduced to 75% and below. A stronger inter-
action in the excited state accelerates the wave packet
more, increasing its vibrational excitation. This results
in a larger spread over many trap states upon the wave
packet’s return to the ground state. Since 0.5 ps or 1 ps
are much, much shorter than the time scale of the mo-
tion in the trap, Tv, the optimization algorithm cannot
resolve the eigenstates of the trap. Thus it cannot iden-

τ00 =
〈

00ϕ0

∣∣∣Û(T , 0; εopt)
∣∣∣ 00ϕ0

〉
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The Reduced Optimization Scheme

full reduced

target

|00〉 → e i(φ+φT ) |00〉

|01〉 → e iφT |01〉

|10〉 → e iφT |10〉

|11〉 → e iφT |11〉

|00〉 → e i(φ+φT ) |00〉

|0〉 → e iφT /2 |0〉

gate phases

φ00

φ10 = φ01

φ11

= φ00

= φ0 + φ1

= 2φ1

non-local
phase

χ = φ00 − φ01 − φ10 + φ11 χ = φ00 − 2φ0

Optimal Controlled Phasegates for Trapped Neutral Atoms
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Two Atoms at Long Distance under Strong
Dipole-Dipole Interaction

Can we avoid vibration with very short pulses, but very strong interaction?
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Parameters of the Optimization

Fixed short pulse duration
T = 1 ps, T = 0.5 ps

Realistic lattice spacing
with strong interaction ∼ − C3

R3

Vary C3:

C3 = 1× 106

Action over 1 ps for Calcium at
d = 5 nm, scaled to d = 200 nm

Increase by three orders of magnitude
Action over 800 ps for Calcium at
d = 5 nm, scaled to d = 200 nm

d = 200 nm

|00〉

|0a〉

d

C3 = 1× 106

...

C3 = 1× 109

Optimal Controlled Phasegates for Trapped Neutral Atoms



Quantum Computation
Quantum Computation with Ultracold Trapped Atoms

Theoretical Model and Optimization Method
Two Calcium Atoms at Short Internuclear Distance

Two Atoms at Long Distance under Strong Dipole-Dipole Interaction

Optimization Success over Dipole Interaction Strength
9

-1

0

1

-1 0 1

�
[τ

0
0
]

� [τ00]

-1

0

1

-1 0 1

�
[τ

0
1
]

� [τ01]

-1

0

1

-1 0 1

�
[τ

0
]

� [τ0]

-1

0

1

-1 0 1

�
[τ

1
]

� [τ1]

FIG. 9: Phase dynamics induced by the optimized pulse (T =
800 ps) in the complex plane for the two-qubit single-qubit
states, analogously to Fig. 6.

excited state that sets the speed limit for two atoms res-
onantly excited to an interacting state, we vary the in-
teraction strength C3 of the dipole-dipole interaction po-
tential,

V̂(R)0a = V̂(R)a0 = −C3

R3
, (21)

keeping the trap frequency constant. We consider the
atoms to be separated by d = 200 nm which corresponds
to a realistic optical lattice in the UV regime. In order
to keep the overlap of the ground state wave functions
smaller than 10−4 at a distance of 200 nm the trap fre-
quency has to be set to at least 250 kHz. This corre-
sponds to Tv ≈ 2 ns.

For the interaction potential of two calcium atoms in
the B1Σ+

u state used in Sec. III A, the C3 coefficient takes
a value of 16.04 a.u.= 0.5217× 103 nm3cm−1 [26, 27, 32].
This results in an interaction energy of about 4 cm-1 at
d = 5nm. Based on the results of Sec. IIIA, we know
that such an interaction energy is sufficient to yield a non-
local phase in a few tens of picoseconds. For d = 200 nm,
the same interaction energy is obtained by choosing C3

to be roughly 1 × 106 a.u. Just for comparison, the C3

coefficient for highly excited Rydberg states is about 3×
106 a.u., resulting in an interaction energy of about 1.3×
10−3 cm-1 at a typical distance of 4 µm for two atoms
trapped in optical tweezers [33].

We vary the C3 coefficient from 1 × 106 a.u. to
1 × 109 a.u. If the gate duration is solely determined
by the requirement of a sufficiently strong interaction
to realize the non-local phase, we expect to find high-
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FIG. 10: (color online) Fidelity F , non-local phase χ and
vibrational fidelity, i.e. projection onto the vibrational target
state, F00 for increasing interaction strength C3 in the excited
state for two different gate times T . All optimizations have
converged to ∆F < 1 × 10−4 The interatomic distance is
d = 200 nm.

fidelity implementations with optimal control by increas-
ing the C3 coefficient. In particular, we pose the question
whether picosecond and sub-picosecond gate durations
can be achieved given that the interaction is sufficiently
strong, i.e. given that the C3 coefficient is sufficiently
large. Based on the results of Sec. IIIA where a non-
local phase of π was achieved within 50 ps, we estimate
that C3 needs to be increased from 1× 106 by a factor of
50 (100) to obtain a high-fidelity gate for a duration of
1 ps (0.5 ps).

Figure 10 presents optimization results for a controlled
phasegate with gate operation times of T = 0.5 ps and
T = 1 ps. The central frequency of the guess pulse
was adjusted in each case to compensate for the in-
creased interaction energy and ensure resonant excita-
tion. The grid parameters were chosen to be Rmin = 5a0,
Rmax = 13000 a0 ≈ 688 nm, and NR = 2048. This choice
of Rmax guarantees that at least fifty eigenstates of the
trap are accurately represented. We verified that the grid
is sufficiently large, i.e., the wave packet does not reach
the boundaries of the grid during propagation. Moreover
we checked that doubling the number of grid points did
not yield substantially different results. Figure 10 clearly
shows that increasing the interaction strength leads to
larger non-local phases. A non-local phase of π is reached
for C3 = 4× 108 a.u. However, increasing the interaction
strength also results in a complete loss of control over
the motional degree of freedom, with the vibrational fi-
delity F00 reduced to 75% and below. A stronger inter-
action in the excited state accelerates the wave packet
more, increasing its vibrational excitation. This results
in a larger spread over many trap states upon the wave
packet’s return to the ground state. Since 0.5 ps or 1 ps
are much, much shorter than the time scale of the mo-
tion in the trap, Tv, the optimization algorithm cannot
resolve the eigenstates of the trap. Thus it cannot iden-

⇒ Increasing two-qubit-phase with increasing interaction strength

⇒ For small T , vibrational purity is lost with increasing two-qubit phase
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FIG. 4: (color online) Fidelity F , non-local phase χ (in units
of π) and vibrational fidelity, i.e., projection onto the vibra-
tional target state, F00, for different gate times T . The inset
shows the infidelity 1−F and the respective quantities 1− χ
and 1 − F00.The interatomic distance is d = 5 nm.

where E0a denotes the energy of two infinitely sepa-
rated, i.e. non-interacting atoms in the |0a� or |a0� state,
and V0a(d) the interaction potential at distance d. For
d = 5nm, this yields T rad

int ≈ 1.23 ps for a non-local phase
of one radian, and Tπ

int ≈ 4.4 ps for a non-local phase of
π. The time scale associated with the vibrational mo-
tion in the trap is estimated by considering the mean
energy difference of the trap ground state energy to its
neighboring levels, i.e. the last bound state and the first
excited trap state. For the chosen trap frequency, we
obtain Tv ≈ 800 ps.

The optimization results for gate operation times var-
ied between the two limits T rad

int and Tv are shown in Fig-
ure 4. We compare fidelity F , Eq. (7), non-local phase
χ, Eq. (16), and vibrational fidelity F00, Eq. (14). The
optimizations are converged to within ∆F < 1 × 10−4

except for T = 30 ps and 50 ps which are converged to
within ∆F < 2× 10−4. For durations below 150 ps, with
errors remaining larger than 10−2 no satisfactory fidelity
is obtained. As the gate operation time approaches Tv,
optimization is successful in the sense that fidelities arbi-
trarily close to one can be reached. The results shown in
Fig. 4 can be understood as follows: The two-qubit phase
χ increases with the pulse duration T , and at T = 5 ps,
the time that was roughly estimated to reach a non-local
phase of π, about half that phase is actually obtained.
This is not surprising since the wavepacket is not in the
excited state for the complete gate duration T due to
the switch-on and switch-off phases of the pulse and its
general shape. The non-local phase reaches the desired
value of π at about 50 ps. We thus find that a prolonged
action of the exchange interaction leads indeed to a non-
local gate. However, for short gate durations, no control
over the motional degree of freedom can be exerted. For
T = 5 ps, the vibrational fidelity drops below 50%, and
it increases rather slowly for larger T . This is due to the

FIG. 5: (color online) Optimized pulse (gray) and population
dynamics (|00� state: solid black line, |01� state: dot-dashed
red line, top) and pulse spectrum (bottom) for T = 5 ps (F =
0.805).

wave packet spending enough time in the excited state
to be accelerated by the 1/R3 potential. When the laser
pulse returns the wavepacket to the electronic ground
state, it has acquired significant vibrational energy. Since
the pulse is too short to resolve the vibrational motion
in the trap, optimization cannot identify the desired trap
state and thus it cannot counteract the excitation. Popu-
lation of excited trap states after the gate can be avoided
only once the pulse is long enough to resolve different
trap states. As the gate duration becomes comparable
to Tv, fidelities close to one are obtained.

An analysis of the dynamics induced by the optimized
pulses is instructive for short gate durations despite the
low fidelity. Figures 5 and 6 display the optimized pulse,
its spectrum, and the dynamics for T = 5 ps. The
guess pulse that is used to start the iterative optimiza-
tion has a Gaussian envelope with a peak intensity of
about 4.9 × 107 V/m. The intensity was chosen to drive
one complete Rabi cycle for a single qubit in the |0� state
(2π-pulse). The pulse fluence is increased by a factor of
about 7 during the course of iterations. Optimization re-
sults in a pulse shape that clearly shows more features
than a Gaussian, cf. top panel of Fig. 5. The first peak
of the pulse, centered around ≈ 100 fs, drives significant
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FIG. 9: Phase dynamics induced by the optimized pulse (T =
800 ps) in the complex plane for the two-qubit single-qubit
states, analogously to Fig. 6.

excited state that sets the speed limit for two atoms res-
onantly excited to an interacting state, we vary the in-
teraction strength C3 of the dipole-dipole interaction po-
tential,

V̂(R)0a = V̂(R)a0 = −C3

R3
, (21)

keeping the trap frequency constant. We consider the
atoms to be separated by d = 200 nm which corresponds
to a realistic optical lattice in the UV regime. In order
to keep the overlap of the ground state wave functions
smaller than 10−4 at a distance of 200 nm the trap fre-
quency has to be set to at least 250 kHz. This corre-
sponds to Tv ≈ 2 ns.

For the interaction potential of two calcium atoms in
the B1Σ+

u state used in Sec. III A, the C3 coefficient takes
a value of 16.04 a.u.= 0.5217× 103 nm3cm−1 [26, 27, 32].
This results in an interaction energy of about 4 cm-1 at
d = 5nm. Based on the results of Sec. IIIA, we know
that such an interaction energy is sufficient to yield a non-
local phase in a few tens of picoseconds. For d = 200 nm,
the same interaction energy is obtained by choosing C3

to be roughly 1 × 106 a.u. Just for comparison, the C3

coefficient for highly excited Rydberg states is about 3×
106 a.u., resulting in an interaction energy of about 1.3×
10−3 cm-1 at a typical distance of 4 µm for two atoms
trapped in optical tweezers [33].

We vary the C3 coefficient from 1 × 106 a.u. to
1 × 109 a.u. If the gate duration is solely determined
by the requirement of a sufficiently strong interaction
to realize the non-local phase, we expect to find high-
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FIG. 10: (color online) Fidelity F , non-local phase χ and
vibrational fidelity, i.e. projection onto the vibrational target
state, F00 for increasing interaction strength C3 in the excited
state for two different gate times T . All optimizations have
converged to ∆F < 1 × 10−4 The interatomic distance is
d = 200 nm.

fidelity implementations with optimal control by increas-
ing the C3 coefficient. In particular, we pose the question
whether picosecond and sub-picosecond gate durations
can be achieved given that the interaction is sufficiently
strong, i.e. given that the C3 coefficient is sufficiently
large. Based on the results of Sec. IIIA where a non-
local phase of π was achieved within 50 ps, we estimate
that C3 needs to be increased from 1× 106 by a factor of
50 (100) to obtain a high-fidelity gate for a duration of
1 ps (0.5 ps).

Figure 10 presents optimization results for a controlled
phasegate with gate operation times of T = 0.5 ps and
T = 1 ps. The central frequency of the guess pulse
was adjusted in each case to compensate for the in-
creased interaction energy and ensure resonant excita-
tion. The grid parameters were chosen to be Rmin = 5a0,
Rmax = 13000 a0 ≈ 688 nm, and NR = 2048. This choice
of Rmax guarantees that at least fifty eigenstates of the
trap are accurately represented. We verified that the grid
is sufficiently large, i.e., the wave packet does not reach
the boundaries of the grid during propagation. Moreover
we checked that doubling the number of grid points did
not yield substantially different results. Figure 10 clearly
shows that increasing the interaction strength leads to
larger non-local phases. A non-local phase of π is reached
for C3 = 4× 108 a.u. However, increasing the interaction
strength also results in a complete loss of control over
the motional degree of freedom, with the vibrational fi-
delity F00 reduced to 75% and below. A stronger inter-
action in the excited state accelerates the wave packet
more, increasing its vibrational excitation. This results
in a larger spread over many trap states upon the wave
packet’s return to the ground state. Since 0.5 ps or 1 ps
are much, much shorter than the time scale of the mo-
tion in the trap, Tv, the optimization algorithm cannot
resolve the eigenstates of the trap. Thus it cannot iden-

Long gate duration can reach arbitrarily high fidelities.

For short gate durations, the two-qubit phase is at the expense of the vibrational
purity.

If T < QSL, not all measures of merit can be fulfilled.

Time scale for a successful gate is determined by max (Tint ,Tvib).
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